In this paper, we obtain the general solution and the stability of the 2-variable quadratic functional equation
Introduction
A mapping f is called a quadratic form if there exist a, b, c ∈ R such that f (x, y) = ax 2 + bxy + cy 2 for all x, y ∈ X. In this paper, let X and Y be real vector spaces. For a mapping f : X × X → Y , consider the 2-variable quadratic functional equation:
f (x + y, z + w) + f (x − y, z − w) = 2f (x, z) + 2f (y, w).
(
When X = Y = R, the quadratic form f : R × R → R given by f (x, y) := ax 2 + bxy + cy 2 is a solution of (1) .
For a mapping g : X → Y , consider the quadratic functional equation:
In 1989, J. Aczél [1] solved the solution of Eq. (2). Later, many different quadratic functional equations were solved by numerous authors [2] [3] [4] [5] .
In this paper, we investigate the relation between (1) and (2). And we find out the general solution and the generalized Hyers-Ulam stability of (1).
Results
The 2-variable quadratic functional equation (1) induces the quadratic functional equation (2) as follows. 
for all x ∈ X, then g satisfies (2).
Proof. By (1) and (3),
for all x, y ∈ X. 2 Example 1. Let X be a real algebra and D : X → X a derivation on X. Define a mapping
for all x ∈ X. Then g satisfies (3). By Theorem 1, g satisfies (2).
The quadratic functional equation (2) induces the 2-variable quadratic functional equation (1) with an additional condition.
Theorem 2. Let a, b, c ∈ R and g
for all x, y ∈ X, then f satisfies (1) .
Proof. By (2) and (4),
for all x, y ∈ X. Letting x = y = 0 and y = x in (2), respectively,
for all x ∈ X. By (4) and the above two equalities,
for all x ∈ X. 2 Example 2. Consider the function g : R 2 → R given by g(x) := x T Ax for all x ∈ R 2 , where A is a 2 × 2 real matrix. Then we can easily show that g satisfies (2). Let a, b, c ∈ R and define
for all x, y ∈ R 2 . Then one can obtain the function f :
Ax Ay
for all x, y ∈ R 2 . By Theorem 2, the function f satisfies (1). In the following theorem, we find out the general solution of the 2-variable quadratic functional equation (1) . 1 (x, x) + B(x, y) + S 2 (y, y) for all x, y ∈ X.
Proof. We first assume that f is a solution of (1). Define
One can easily verify that f 1 , f 2 are quadratic. By [1] , there exist two symmetric bi-additive mappings
for all x, y ∈ X. Then B is bi-additive. Indeed, by (1) and (5), we obtain that
Conversely, we assume that there exist two symmetric bi-additive mappings S 1 , S 2 : X × X → Y and a bi-additive mapping B : X × X → Y such that f (x, y) = S 1 (x, x) + B(x, y) + S 2 (y, y) for all x, y ∈ X. Since B is bi-additive and S 1 , S 2 are symmetric bi-additive, for all x, z ∈ X. Thus we obtain
